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4A. The Sorgenfrey Line

The following material concerns the Sorgenfrey line, E, introduced in 4.6.

4A. 1

Verify that the sets [x, z), for z > x, do form a nhood base at x for a topology
on the real line.

Proof . To show the collection of subsets Bx = [x, z) with x < z form a
neighborhood base at x for a topology, need to verify the converse of theorem
4.5, and show that the properties V -a, V -b, V -c, and V -d hold. For V -a, take
a set in the collection V ∈ Bx and let V = [x, y) with x < y. Clearly, by
construction x ∈ V .

Now to show V -b, let w, y ∈ R and take V1 = [x,w) ∈ Bx with
V2 = [x, y) ∈ Bx. Without loss of generality, also let 0 < x < w < y. Notice as
we take V1 ∩ V2 we get V1 and this is still in the collection of subsets V1 ∈ Bx.

For V -c, suppose V = [x,w) ∈ Bx and let Vo = [x, z) ∈ Bx and in the first
case where 0 < x < z < w. Clearly, for a y ∈ Vo, we have a W ∈ By s.t.
W ⊂ V . Consequently, we can take W = Vo. For the case where Vo is a
superset of V , so 0 < x < w < z, and if y ∈ Vo, we can still find some W ∈ By

s.t. W ⊂ V . Here, take W = V .

For V -d, suppose a set G = [x,w) is open and clearly, x ∈ G. Then, G is a
neighborhood of x. Conversely, suppose G contains a neighborhood of each of
its points. So for each x ∈ G, let Nx be a neighborhood of x contained in G.
Take Nx = Gx where Gx are all of the closed open sets of the form [x, y) ⊂ G.
Now notice, G can be expressed as the union of over all Gx∈G ⊂ G, which is
open.

4A. 2

Which intervals on the real line are open sets in the Sorgenfrey topology?
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Proof . Take an open interval in (a, b) ∈ R. Observe, for n ∈ N, (a, b) this can
be written as the union of open sets in the Sorgenfrey topology as

⋃
[a+ 1

n , b).
Taking the infinite union for n large, (a, b) =

⋃
[a+ 1

n , b). We get that the
usual open sets on the real line which are open intervals of the form (a, b) are
open in the Sorgenfrey topology.

4A. 3

Describe the closure of each of the following subsets of the Sorgenfrey line: the
rationals, the set { 1n |n = 1, 2, ...}, the set {− 1

n |n = 1, 2, ...}, the integers.

Proof . For the closure of the subsets of rationals in the Sorgenfrey line, take
all the subsets of the rationals in the Sorgenfrey line and notice there are
countably many points. The closure, therefore, or the smallest closed set that
contains the rationals is the entire Real line, since for every neighborhood of a
rational point meets a Real number. For the closure of the subset
{ 1n |n = 1, 2, ...} of the Sorgenfrey line, we get the entire set back with 0.
However, with the set {− 1

n |n = 1, 2, ...}, notice 0 can not be included after
taking the closure, so the closure of this set is the set itself. Similarly, in the
case of the closure of the integers in the Sorgenfrey line, we just get the
integers.

4B. The Moore plane

Let Γ denote the closed upper half plane {(x, y)|y ≥ 0} in R2. For each point
in the open upper half plane, the basic neighborhoods will be the usual open
disks (with the restriction, of course, that they be taken small enough to lie in
Γ). At the points x on the x-axis, the basic nhoods will be the sets {z} ∪A,
where A is an open disk in the upper half plane, tangent to the x-axis at z.

4B. 1

Verify that this gives a topology on Γ.

Proof . Recall the theorem that if Bx for each x ∈ X satisfies V-(a), V-(b),
V-(c) and if G is open iff whenever it contains a basic neighborhood of each of
its points, the result is a topology on X.

For V-(a), need to show that if B ∈ Bx, then x ∈ B. Suppose V ∈ Bx, Then
we get the case that B is an open disk with center x or the case in which B is
an open disk that is tangent to x, together with the point x. Note, in both
cases x ∈ B.

For V-(b), need to show that if B1, B2 ∈ Bx, then there exists a B3 ∈ Bx that
is in the intersection, i.e., B3 ⊂ B1, B2. Then, suppose B1, B2 ∈ Bx. We have
either that x lies strictly on the upper half plane or that x lies on the x-axis
itself. For the first case, where x lies strictly in the upper half plane. Then, B1

and B2 are open disks centered at x. Consequently, one of the sets is contained
in the other set. Without loss of generality, take B2 ⊂ B1. So take B3 ⊂ B2.
Now, B3 = B2 ⊂ B2 ∩B1, which is in Bx
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Lastly, we need to show if B ∈ Bx, then there exists B0 ∈ Bx s.t. for all y in
B0, there exists a W ∈ By for W ⊂ B. Suppose B is in Bx. We have two
cases again, where x strictly lies on the upper half plane then B is an open
disk at x, or the case when x lies on the x-axis, and B is tangent to x. For the
first case, Choose our B0 to be B. Since B is open, we can take a y in B such
that we can find a smaller disk W that contains y, where W ∈ B. For the case
that B must be tangent to x and x lies on the x axis, again, choose B0 to be B.
if y is x, then W is B. If not, y lies strictly inside B − {x}, and there will be a
smaller open disk, call it W, centered at y in B. W ⊂ B.

4B. 2

Compare the topology thus obtained with the usual topology on the closed
upper half plane as a subspace of R2

Solution. Γ is finer than the usual topology, since it contains all the sets in
the usual topology and it contains open sets in the form {z} ∪A

4C. The slotted plane

At each point z in the plane, the basic neighborhoods at z are to be the sets
{z} ∪A, where A is a disk about z with a finite number of straight lines
through z removed.

4C. 1

Verify that this gives a topology on the plane.

Proof . As the previous problem, in order to give a topology V-(a), V-(b), and
V-(c) need to be satisfied. Let Bz be a neighborhood base of any z ∈ R2. For
V-(a), let B ∈ Bz. So, B = {z} ∪A. It follows, then, z ∈ B. For V-(b), take
B1, B2 ∈ Bz s.t. B1 = {z} ∪A1 and B2 = {z} ∪A2. Take the intersection of
the two. Now, B1 ∩B2 = ({z} ∪A1) ∩ ({z} ∪A2) = {z} ∪ (A1 ∩A2). It must
follow that either B1 ⊂ B2 or B2 ⊂ B1. Without loss of generality, take
B2 ⊂ B1 and let B3 = z ∪A2. Then, B3 = B2, which is contained in Bz.
Thus, B3 ⊂ B1 ∩B2. For V-(c), Let B ∈ Bz. Take B0 = B s.t. B = {z} ∪A1.
Then, for any y ∈ B, there is a smaller disk A2 about y, where A2 ⊂ B = B0.
Let W = {y} ∪A2. It must follow then, W ⊂ B.
Now, take a y in B0. It must follow that there is a W ∈ Bz s.t. W ⊂ B.

4C. 2

Compare this topology with the usual topology on the plane

Proof . The slotted plane topology is a finer topology than the usual topology,
since it takes in more open sets to recover the points in the topological space.
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5A. Examples of subbases

5A. 1

The family of sets of the form (−∞, a) together with those of the form (b,∞)
is a subbase for the usual topology on the real line.

Proof . Let C be the collection of sets from R of the form (−∞, a) and (b,∞),
and let b < a. Take the intersection of any two sets in the subbase. Now
(b, a) = (a,∞)

⋂
(b,∞), is open forms a base of open intervals for the usual

topology on R.

5A. 2

Describe the topology on the plane for which the family of all straight lines is
a subbase.

Proof . Take any two straight lines in the subbase and notice that their
intersection is the point (a, b) which is open and we generate a base for the
discrete topology. Also, if we take the arbitrary point (a, b) open, it is
contained in the intersection of any two straight lines in the subbase.

5A. 3

Describe the topology on the line for which the sets (a,∞), a ∈ R, are a
subbase. Describe the closure and interior operations in this topology.

Proof . Let C = (a,∞) s.t. a ∈ R and notice if we take finite intersections for
the form (a,∞), we get back this same form as a base for a topology τ . Now,
we can write the topology as a union of the collection of these sets in the base,
τ = {

⋃
(a,∞)∈U (a,∞) | U ∈ B}. The interior, being the union of the largest

open set is just the set itself so denote A = (a,∞). Then Ao = A = (a,∞).
The closure is the set itself union the point a, so the closure of A will be
Ā = A ∪ {a} = (a,∞) ∪ {a}.

5B. Examples of bases

5B. 1

The collection of all open rectangles is a base for a topology on the plane.
Describe the topology in more familiar terms.

Proof . Recall the theorem that B is a base for a topology iff whenever G is
an open set in the topology and p ∈ G, there is some B ∈ B s.t. p ∈ B ⊂ G.
Want to show the converse of this theorem to prove that the collection of all
open rectangles forms a base for a topology on the plane. So, take an open set
G in the plane, for p ∈ G. Let G be a neighborhood of p, now we can find an
open set around p. Let this open set be an open disk, Up in the usual topology
in the plane for R2. Take one open rectangle, call it B from the collection of
open rectangles s.t. the vertices of the rectangle are inside the boundary of the
open disk Up. Now, we have p ∈ B ⊂ Up ⊂ G. In more usual terms, the
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topology is finer than the usual topology, since we would need more open
rectangles to fit into open disks in the plane R2.

5B. 2

For each positive integer n, let Sn = {n, n+ 1, ....}. The collection of all
subsets of N which contain some Sn is a base for a topology on N. Describe
the closure operations in this space.

Proof . Consider Sn = {n, n+ 1, ....}. Notice, for n = 1, S1 will construct the
set of all positive integers. Now, take all possible unions of Sn for all n. But
then also,

⋃
∀n∈N{n, n+ 1, ....} = N, where N is our topological space generated

by all possible unions of Sn. Hence, Sn is a base for a topology on N. The
closure of the natural numbers is the natural numbers, N̄ = N.

5C. The scattered line

We introduce a new topology on the line as follows: a set is open iff it is of the
form U ∪ V where U is an open subset of the real line with its usual topology
and V is any subset of the irrationals. Call the resulting space S, the scattered
line.

5C. 1

With the definition of ”open set” given, S is a topological space.

Proof . Let W = U ∪ V , where U is open in the real line with its usual
topology, and V ⊂ R−Q, the irrationals. Suppose W is defined to be open.
Want to show this forms a topology called the scattered line, call it S. First we
show the arbitrary union of any Wα. Then,

Wα 1 ∪Wα 2 ∪Wα 3...∪ = (U1 ∪ V1) ∪ (U2 ∪ V2) ∪ ... ∪
= (U1 ∪ U2 ∪ .....) ∪ (V1 ∪ V2 ∪ ...)

But (U1 ∪U2 ∪ .....) ⊂ R and all (V1 ∪ V2 ∪ ...) ⊂ R−Q. So the arbitrary union
of Wα is still in S. Now for the intersection. Take a finite number of Wi

W1 ∩W2 =

= (U1 ∪ V1) ∩ (U2 ∪ V2)

= U1 ∩ (U2 ∪ V2) ∪ V1 ∩ (U2 ∪ V2)

= (U1 ∪ V2) ∩ (U1 ∪ U2)
⋃

(V1 ∩ U2) ∪ (V1 ∩ V2)

= (U1 ∪ U2) ∩ (U1 ∪ V2)
⋃

(V1 ∩ U2) ∪ (V1 ∩ V2)

= (U1 ∪ U2)
⋃

(U1 ∩ V2) ∩ (V1 ∩ U2) ∪ (V1 ∩ V2)

= (U1 ∪ U2)
⋃

((U1 ∩ V2) ∪ (V1 ∪ U2) ∩ V2)
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But notice, (U1 ∪ U2) ⊂ R and ((U1 ∩ V2) ∪ (V1 ∪ U2) ∩ V2) ⊂ R−Q. Clearly,
the empty set and the reals are elements of S. Hence, S forms a topology.

5E. Bases for the closed sets

A base for the closed sets in a topological space X is any family of closed sets
in X such that every closed set is an intersection of some subfamily.

5E. 1

F is a base for the closed sets in X iff the family of complements of members
of F is a base for the open sets.

Proof . If F is a base for the closed sets in X, then the complements of the
closed sets, which are the intersections of some subfamily of closed sets are the
union of some open sets. That is let ∩ni=1F be closed. Then,
(
⋂n
i=1 F )c =

⋃n
i=1 F c, which is the union open sets which are open and

contains F c. Consequently, this constructs a base for the open sets.
Conversely, let the family of complements of members of F be a base for the
open sets. Take the finite union of open sets, denote this by⋃n
i=1A =

⋃n
i=1 F c. But this is equivalent to (

⋂n
i=1 F )c = F c

α. Observe, the
intersection of the terms of F without the complement, for an α ∈ B,
Fa ∈

⋂
F is closed and is in an intersection of a subfamily of closed sets.

Thus, F is a base for the closed sets in X.

6A. Examples of subspaces

6A. 1

Recall that A denotes the slotted plane (4C). Any straight line in the plane
has the discrete topology as a subspace of A. The topology on any circle in
the plane as a subspace of A coincides with its usual topology.

Proof . Firstly, we need show that if A denotes the slotted plane, any straight
line in the plane has the discrete topology as a subspace of A. So, take an
arbitrary line in the plane, call it L ∈ R2. Notice for the empty set open, the
two sets L and A are disjoint, i.e. L ∩A = ∅. Consequently, this is open and
the trivial case. For the other case, suppose {z} ∈ L . and consider a basic
neighborhood of {z} ∪A contained in A such that one of the lines is removed
from the open disk in A is L . Then, we have that their intersection is the
point z. That is we generate the isolated point, ({z} ∪A) ∩L = {z}. By
intersecting L with any basic neighborhood of A, an isolated point can be
generated. It follows we can take any subset of L by taking all possible unions
of these isolated points. Therefore the collection of L in the plane is open
with the discrete topology. Now, to prove that the topology on any circle in
the plane as a subspace of A coincides with its usual topology.

So, take D to be any circle in the plane, with the usual topology on the circle
denoted by τD. Need to show τD = τA, where τA is the relative topology of
the subspace A. For (⊂), let U be a basic open set contained in τD. Thus, U
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is an open interval in D. U = G ∩D, s.t. G is an open disk in R2. G is an
open ball with finitely many lines removed, G ∈ A. Thus, U ⊂ G ∪D in τA.
Conversely, for containment, suppose U ⊂ τA, for U open. Then, U = D ∩A,
where A ∈ A. If A is the empty set, then D intersect A is disjoint and belong
to τD. If A is all of R2, then D ∩ R2 = D, which are also in τD. Otherwise,
D ∩A are the union of disjoint intervals in D. It must follow, D ∩A ∈ τD

6A. 2

We will let B denote the radial plane (3A). The relative topology induced on
any straight line as a subspace of B is its usual topology. The relative
topology on any circle in the plane as a subspace of B is the discrete topology.

Proof . Let B denote the radial plane. Firstly, need to show that the relative
topology induced on any straight line as a subspace of B is its usual topology.
Take L to be a line in the plane. Call the usual topology on the plane for L
be τπ and the relative topology of L of B as τB. Need to prove τπ = τB. For
(⊂), suppose U is a basic open set in τπ. So for ε > 0,
U = (x− ε, x+ ε) = L ∩ (x− ε, x+ ε) = L ∩B(x, ε). Thus, U ∈ τB.
Conversely, for containment, let U ∈ τB, where is U open. Then, U is the
union of a collection of open line segments about a point x in R2. If L and U
are disjoint, we get the trivial case where it is the empty set and this is open.
If x is on L , then U is an open line segment centered at this point that
coincides with an open interval of L . It follows, L ∩ U is open on L and
belongs to τπ. Lastly, for 6A.2 need to prove that the relative topology on any
circle in the plane as a subspace of B is the discrete topology. Take D to be an
arbitrary circle on the plane. Call the topology of D as a subspace of B, τD.
For any point not in D, we can find a disk small enough that it is disjoint with
D, which is the empty set open and contained in τD. For a point x in D, we
want an open set U in B so when we intersect this with D we get back just
this point x.

Need U to be radially open, that is it has an open line segment about x in
each direction. Take U to be a disk centered at x with positive radius, call it ε,
minus D. so U = B(x, ε). Observe a line that passes through x in a direction,
and if the line is tangent to x, the neighborhood of x Nx is 2ε. In the other
case, it will intersect D at some point y and in this direction any open
neighborhood is of length ε+ d(x, y), where d is the usual distance from x to y.
Thus U is radially open and is generated in the form of D ∩ U = {x}. Take all
possible unions of D. Consequently, this is open in τB, the relative topology
which is the discrete topology

6A. 4

The rationals, as a subspace of R, do not have the discrete topology.

Proof . We show this by giving a counterexample. If x and y are rationals,
then the interval (x, y) is open and the interval [ x, y] is closed. For x and y in
the irrationals, the set of all z s.t. x < z < y is both closed and open. Take the
point 0 which is in the rationals but not open in the rationals. It follows, then,
that the rationals as a subspace of the reals do not have the discrete topology.
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6B. Subspaces of separable spaces

6B. 1

The Moore place Γ (4B) is separable (see 5F).

Proof . Consider, for α ∈ A, U =
⋃
αGα s.t. Gα are the basic neighborhoods,

that is, the usual open disks centered at x that lie above the x-axis. It follows
that U in in Γ. When we take the closure of U,
Cl(U) = (∪αGα)

⋃
(∪α({z} ∪Aα)). Consequently, the Cl(U) is Γ, so U is

dense in Γ. It must follow that Γ is separable.

6B. 2

The x-axis in the Moore plane has for its relative topology the discrete
topology. Thus, a subspace of a separable space need not be separable.

Proof . Take L to be the x-axis with the discrete topology τ . It must follow
that all the open sets in τ are also open in L . Let (a, b) be an arbitrary open
set from L s.t. a and b are real numbers. Then the closure of this set is the
closed interval which is not in L . It must follow that L is not separable. So,
the x-axis, which is a subspace of a separable space, here, the Moore plane,
does not need to be separable

6B. 3

An open subset of a separable space is separable.

Proof . Let U ⊂ X, where U is an open set of a separable set of X. Let A be
the countable, dense set in X and consider an open neighborhood G of a point
p such that p ∈ U . Let G ⊂ U , since U is open. Notice G is dense, so
G ∩ U 6= ∅, i.e., G and U are not disjoint. So, any neighborhood of p in U
contains A. Consequently, A is dense in U.
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